We give a direct combinatorial proof that the modular envelope of the cyclic operad Ass is the modular operad of (the homeomorphism classes of) 2D compact surfaces with boundary with marked points.
Introduction
The forgetful functor from modular to cyclic operads has a left adjoint Mod () called modular envelope. The modular envelope Mod (Com) of the cyclic operad Com has been described by M. Markl in [4] , where it's relevance in closed string field theory was explained. Mod (Com) is isomorphic to the modular operad QC, which consists of homeomorphism classes of 2D compact surfaces with boundary (equivalently with punctures) and the operadic composition on QC is given by gluing of boundary components (punctures). In [2] , together with coauthors, we studied the operad QO, which consists of homeomorphism classes of 2D compact surfaces with boundary and "open string ends" on the boundary (equivalently marked points on the boundary). Operad QO plays a role in the open string field theory analogous to that of QC in the closed theory. The genus zero part of QO is isomorphic to the cyclic operad Ass and it is therefore natural to expect QO ∼ = Mod (Ass). Unlike for QC, this is not obvious. In this note, we provide an elementary proof.
Let us note that derived modular envelope of Ass has been studied in the topological context by J. Giansiracusa in [3] and also by K. Costello in [1] .
We thank Braňo Jurčo, Martin Markl and Korbinian Münster for helpful discussions.
Reminder
We recall the notion of modular operad, since later we will be referring to the axioms: 2.1 Definition. Modular operad P in a symmetric monoidal category M consists of a collection {P(C, G) | G ∈ N 0 , C a finite set} of objects of M and collections
of morphisms of M. These data are required to satisfy the following axioms:
, P(ρσ) = P(ρ) P(σ) for any composable pair of bijections ρ, σ,
whenever the expressions make sense. We emphasize that ξ ab = ξ ba by the definition. 3., 4. express the equivariance of •, ξ respectively and we call 5. − 8. the associativity axioms.
2.2 Remark. Precomposing both sides of 7. with τ , we obtain a mirror image of 7.:
We require the reader to read Section V.A of [2] (pages 23-25) to familiarize herself with the definition of the operad QO and notation introduced there. We use it freely in this paper. For {c 1 
The cyclic operad Ass is the G = 0 part of QO, thus there is a canonical inclusion Ass → QO. The elements of Ass are of the form {((C))} 0 , which we denote simply by ((C)).
2.3 Remark. Most naturally, the operads Ass and QO live in the category of sets. However, since we considered Feynman transform (an analogue of bar construction for modular operads) of Ass and QO in [2] , it is useful to consider their linear spans or even view them as chain complexes concentrated in zero degree. The rest of the article is independent of this choice of the underlying category M.
The result
We prove: 3.1 Theorem. Let M be any of the categories of sets, (graded) vector spaces 1 or chain complexes. For any modular operad P in M and any cyclic operad morphism f : Ass → P, there is a unique modular operad morphismf : QO → P such that the following diagram commutes:
The horizontal map is the canonical inclusion. Thus, by a standard general nonsense argument, QO is isomorphic to Mod (Ass) as a modular operad.
The notation of Theorem 3.1 will be fixed thorough the paper. The following lemma is a statement about gluing (ξ's) of surfaces (elements of QO) out of elementary parts (elements of Ass):
a q := ((C 1 e 1 C 2 e 2 e 3 C 3 e 4 · · · e 2b−3 C b e 2b−2 e 2b−1 e 2b · · · e 4g+2b−2 )) .
(1)
C 1 e 1 C 2 · · · is the usual concatenation of tuples viewing e i as a 1-tuple (e i ). Then
ξ ij is a shorthand for ξ e i e j .
Proof. Every pair of the last 2g ξ's in (2) removes four consecutive e i 's and increases the geometric genus:
Next, each of the first b ξ's in (2) removes a pair of e i 's and separates a cycle:
The expression (2) is called a canonical expression of q. There are many canonical expressions of q:
1. e i 's are not uniquely determined, 2. given c i , it's representing tuple C i is not uniquely determined, 3. the order of C i 's in (1) is not uniquely determined.
By definition, any morphism of modular operads commute with ξ's, hence:
hence the morphismf of modular operads is uniquely determined by the morphism f of cyclic operads.
The expression (3) is called a canonical expression off (q) iff omitting f in (3) yields a canonical expression of q.
To be able to effectively calculate with the canonical expressions, we introduce the following pictorial notation: For example,
is represented by the picture The labels correspond to ((12 · · · 8)) and for each ξ ij in front of f ((12 · · · 8)), an arc connects i to j. To further simplify, we discard the labels at endpoints of arcs, thus obtaining
Are we able able to reconstruct the expression (4) from the picture (5)? Not exactly: first, we have to choose labels of the endpoints of arcs. Second, we have to choose an order of ξ's, i.e. order of the arcs. But both these choices are irrelevant in the following sense:
3.4 Lemma. Let a q = ((· · · e 1 · · · e 2 · · ·)) be as above and let a ′ q be obtained by replacing each e i by e ′ i . Then
) and if the LHS is a canonical expression off (q), then so is the RHS.
Moreover, let σ be a permutation of pairs {e 1 , e 2 }, {e 3 , e 4 }, . . .. Then
and the RHS is a canonical expression off (q).
Proof. For the first part, a q ∈ Ass(C ⊔ {e 1 , e 2 , . . . , e 2G }) and let's define a bijection ρ : C ⊔ {e 1 , e 2 , . . .} → C ⊔ {e ′ 1 , e ′ 2 , . . .} by ρ(e i ) := e ′ i for each i and ρ| C = 1 C . Then a ′ q = Ass(ρ)(a q ). Since f is a morphism of cyclic operads, by a repeated use of the equivariance of ξ we get
The second part of the lemma follows by the associativity axiom 5. The claims about canonical expressions are clear.
3.5 Remark. Obviously, the proof of Lemma 3.4 also proves: Let P be a modular operad, p ∈ P(C⊔{e 1 , . . . , e 2k }, G) and let σ be a permutation of pairs {e 1 , e 2 }, . .
We introduce one more pictorial convention: Suppose there is a sequence l 1 , . . . , l n of (counter-clockwise) consecutive labeled points on the circle in picture such as (5) such that none of them is an endpoint of an arc. Then we can replace this sequence by a single "bold" point labeled by (l 1 , . . . , l n ). For example,
where A := (l 1 , l 2 ) and B := (l 3 , . . . , l 6 ).
As an example, we rewrite the expression (3) in picture:
3.6 Remark. The above pictorial notation seemingly has another interpretation: One might try to construct the modular envelope Mod (Ass) of Ass directly from Ass by putting in formal results of the ξ operations, subject only to the relations implied by the axioms of modular operad. The element of Ass is then depicted by the circle and the arcs depict the ξ operations. The linear span of all the circles with arcs is then equipped with "obvious" • and ξ operations. However, these do not satisfy the associativity axiom 6., thus this naive candidate for Mod (Ass) is not even a modular operad. Thus this interpretation of the pictures is incorrect, but it still suggests that the axiom 6. plays an important role. Indeed, this is reflected in the following lemma: Proof. This amounts to proving ξ xy f ((ABxCy)) = ξ xy f ((BAxCy)). We have ((ABxCy)) = ((BxCu)) u • v ((vyA)). Then
since f is a morphism of cyclic operads,
by the associativity axiom 6.,
The last equality is proved in the same way as Lemma 3.4.
In fact, the proof of Theorem 3.1 follows in a straightforward way from The Main Lemma. Still, we give full details below.
Here is an example of calculations using The Main Lemma:
3.8 Example. Denote the left endpoint of the red arc by a, the right by b and similarly c, d for endpoints of the black arc. The LHS is ξ cd ξ ab f (a q ) with a q = ((b123ac4d)). By Lemma 3.4, we can always have the endpoints of the red arc written as subscripts at the rightmost ξ. Now we apply The Main Lemma to get ξ ab f ((b123ac4d)) = ξ ab f ((b231ac4d)). The permutation is clear from the result.
In the sequel, we just colour one arc red on the LHS to signify an application of The Main Lemma and we leave it to the reader to figure out the permutation from the result on the RHS. To make it easier, we always fix the red arc while passing from the LHS to the RHS (but the arc turns black on the RHS). Finally, let's emphasize that endpoints of arcs are connected to labels rather than actual points on the circle. Consequently, if the labels move, so do the endpoints of the arc. For example: We can also use The Main Lemma on both semicircles simultaneously:
Here the labels l 1 , . . . , l i , m 1 , . . . , m j can be connected by any number of arcs; we don't specify the connection and this is emphasized by the dotted lines, but the connections on the LHS and RHS coincide. Informally: call "boundary" a sequence of consecutive labels on the circle, the first and last of which are connected by an arc. Then a boundary can be moved anywhere on the circle.
Here the labels l 1 , . . . , l i , m 1 , . . . , m j can be joined by any number of arcs. Informally: call "handle" a sequence of four consecutive labels a, b, c, d on the circle, such that a is connected with c by an arc and similarly b with d. Then a handle can be moved anywhere on the circle. The handle will be denoted by a blue dot:
Now we proceed to prove the existence part of Theorem 3.1. Given f , we definef by the formula (3). We have to verify that this is a well defined morphism of modular operads.
3.11 Lemma. The definition off is independent of the choice of the canonical form off (q).
Proof. Consider a canonical expression (3) with a q := ((C 1 e 1 C 2 e 2 e 3 C 3 e 4 · · · C i · · · e 2b−3 C b e 2b−2 e 2b−1 e 2b · · · e 4g+2b−2 )) as in (1) and another canonical expression with a ′ q := ((C i e 1 C 2 e 2 e 3 C 3 e 4 · · · C 1 · · · e 2b−3 C b e 2b−2 e 2b−1 e 2b · · · e 4g+2b−2 )) , otherwise identical. We verify
By repeated applications of Lemma 3.9 and 3.10, we have
Next, consider a canonical expression (3) 
These two observations easily imply independence off on the canonical expression.
3.12 Lemma.f is a morphism of modular operads.
Proof. First, we verify thatf commutes with the action by bijections: Let σ : C → D be a bijection. It extends by identity to a bijectionσ : C ⊔ {e 1 , . . . , e 2G } → D ⊔ {e 1 , . . . , e 2G }. Let q ∈ QO(C, G) have a canonical expression as in (2):
Then, by the equivariance of ξ, σq = σξ 12 ξ 34 · · · (a q ) = ξ 12 ξ 34 · · · (σa q ).
Hence σq = ξ 12 ξ 34 · · · (σa q ) is a canonical expression of σq ∈ QO(D, G). This justifies the last equality in
Second, we verify thatf commutes with
To justify the equality of the first and second line, we rewrite the first line (using a q in the canonical expression of q and a ′ q ′ in the canonical expression of q ′ ) using the associativity axiom 7. (and its mirror image 7 ′ .) repeatedly in the following way: In the case M is the category of chain complexes, QO has zero differential and ∂f (q) = ∂ξ 12 ξ 34 · · · f (a q ) = ξ 12 ξ 34 · · · ∂f (a q ) = ξ 12 ξ 34 · · · f (∂a q ) = 0 =f (∂q), thusf is a morphism of chain complexes.
Finally, Lemmas 3.3,3.11 and 3.12 constitute a proof of Theorem 3.1.
